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Method

Chebyshev expansion
Expand continuous function f (x) in (−1, 1) with Chebyshev polynomials
Tn(x):

T0(x) = 1, T1(x) = x, Tn+2(x) = 2xTn+1(x) − Tn(x);

f (x) ≈ 1

𝜋
√

1 − x2
[𝛾0𝜇0 + 2

M−1∑
n=1

𝛾n𝜇nTn(x)], 𝜇n =
∫ 1

−1
f (x)Tn(x)dx.

Many Body Spectral Property
Target function: generalized density of states (DOS) for Hamiltonian with
spectral decomposition Ĥ =

∑
k Ek |k⟩ ⟨k |:

g(E; Ô) =
∑

k

𝛿(E − Ek) ⟨k |Ô |k⟩ .

Approximate with Chebyshev expansion and matrix product operator (MPO):
𝜇n(Ĥ; Ô) = Tr (ÔTn(Ĥ)).
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(Local) density of states

Access to thermodynamic quantities:

– DOS (Ô = 1)
Laplace transform
−−−−−−−−−−−−−−→

partition function
– LDOS (Ô = |𝜓⟩ ⟨𝜓 |) Fourier transform−−−−−−−−−−−−−−→
survival probability.

Models: Ising and PXP models.

ĤIsing = J
N−1∑
i=1

𝜎z
i 𝜎

z
i+1 +

N∑
i=1

(g𝜎x
i +h𝜎z

i ),

(J, g, h) = (1, −1.05, 0.5) (non-integrable)
and (1, 0.8.0) (integrable);

ĤPXP =
N−1∑
i=2

Pi−1𝜎
x
i Pi+1+𝜎x

1 P2+PN−1𝜎
x
N ,

projector Pi = (1 − 𝜎z
i )/2.
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Ising model. Left: non-integrable; right: integrable. N = 80.
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Survival probability of PXP model.
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Thermalization probe

Assume eigenstate thermalization hypothesis (ETH), microcanonical ensemble expectation
value of Ô given by the ratio O(E) = g(E; Ô)/g(E;1) would be same as thermal value:

O(E) ETH≈ Tr (𝜌𝛽 (E) Ô).

For a non-degenerate system, the long time averaged expectation value of a state |𝜓⟩ is the
diagonal ensemble expectation Odiag (𝜓) =

∑
k ⟨k |O |k⟩ | ⟨k |𝜓⟩ |2 and if it thermalizes,

Odiag (𝜓) =
∫

dEO(E)g(E;𝜓) ≈ Tr (𝜌𝛽 (E𝜓) Ô).
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Thermalization probes: non-integrable and integrable Ising model, PXP model

(from left to right). N = 40. Ô = 𝜎z
N/2 (left / right) and Ô = (∑i 𝜎

z
i )2 (middle).

Black line dashed line: thermal value; orange line: O (E) .
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