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1. Geometry of variational family

Abstract: Group theoretic coherent states (Gilmore-Perelomov) provide a mathematical formalism to understand a classify a large number of 
prominent variational families, including regular coherent states, spin-coherent states and bosonic-fermionic Gaussian states. In this work, we 
extend such these families by inducing entanglement through the action of operators that are quadratic in Cartan subalgebra elements.
The resulting families are promising candidates to study approximate ground states and quenches in a large class of condensed matter systems.

Real time evolution

Imaginary time evolution

Variational family

Kähler structures

𝒳𝜇 = −𝛺𝜇𝜈(𝜕𝜇𝐸)

ℱ𝜇 = 𝐺𝜇𝜈(𝜕𝜇𝐸)

Metric 𝐺𝜇𝜈 = 𝑔−1
𝜇𝜈

Symplectic form Ω𝜇𝜈 = 𝜔−1 𝜇𝜈

ℳ is Kähler ֞ 𝐽2 = −𝕝

ቊComplex structure 

𝐽 𝜈
𝜇

= 𝐺𝜇𝜎𝜔𝜎𝜈

Manifold ℳ

𝜓 𝑥

|𝑉𝜇⟩

Real parameters
𝑥 = (𝑥1, … , 𝑥𝑛)

Tangent vectors form
real vector space:
𝒯𝜓ℳ = spanℝ(|𝑉𝜇⟩)



2. Group theoretic coherent states

Lie group g ∈ 𝒢 Lie algebra Ξ𝑖 ∈ 𝔤

Representation 𝑈 𝑔 :ℋ → ℋ with 𝑈 𝑔 𝑈 ℎ = 𝑈(𝑔ℎ)

Hilbert space ℋ

Construction of group theoretic coherent states

Step 1: Choose Cartan subalgebra 𝔥 ⊂ 𝔤

Step 2: Find highest weight vector 𝜙 ∈ ℋ

𝐻𝐼, 𝐻𝐽 = 0 𝐻𝐼 , 𝐸𝛼 = 𝛼𝐼 𝐸𝛼 roots 𝛼𝐼

𝐸𝛼 𝜙 = 0 for all 𝛼 > 0 (positive roots)

𝐸𝛼
† = 𝐸−𝛼

Step 3: Family of group theoretic coherent states

𝜓 𝑔 = 𝑈 𝑔 |𝜙⟩

Example 2: Bosonic Gaussian states

Example 1: SU(2) spin coherent states

Example 3: Odd bosonic Gaussian states

𝜓 = 𝑈 0 = det(1 − 𝛾𝛾†) 𝑒𝑖 𝛾
𝑖𝑗 ො𝑎𝑖

† ො𝑎𝑗
†

|0⟩

𝜓 = 𝑈 1,0, … , 0
single excitation

(All group theoretic coherent states form Kähler manifolds.)

𝑈 = exp(𝑖 ℎ𝑎𝑏 መ𝜉
𝑎 መ𝜉𝑏) with መ𝜉𝑎 = (ො𝑎1, ො𝑎1

†, … , ො𝑎𝑁, ො𝑎𝑁
† )

𝑈 = exp(𝑐𝑠
𝑖 ො𝜎𝑖

𝑠) with 𝜎𝑖 = (𝜎𝑖
𝑥, 𝜎𝑖

𝑦
, 𝜎𝑖

𝑧)

𝜓 = 𝑈| ↓, … , ↓⟩

𝑈 = exp(𝑖 ℎ𝑎𝑏 መ𝜉
𝑎 መ𝜉𝑏) with መ𝜉𝑎 = (ො𝑎1, ො𝑎1

†, … , ො𝑎𝑁, ො𝑎𝑁
† )



3. Generalized group theoretic coherent states

for Cartan subalgebra 𝐻𝐼 ∈ 𝔥

Generalized group theoretic coherent state

𝑊,𝑔, ℎ = 𝑈 𝑔 𝑒𝑖 𝑊
𝐼𝐽 𝐻𝐼 𝐻𝐽

generalized

𝑈 ℎ |𝜙⟩
coherent

𝑊,𝑔, ℎ = 𝑈 𝑔 𝑒𝑖 𝑊
𝑖𝑗 ො𝑛𝑖 ො𝑛𝑗𝑈 ℎ |0⟩

Efficient evaluation of expectation values Example 2: Generalized Gaussian states

Example 1: Generalized SU(2) spin coherent states

𝑊,𝑔, ℎ = 𝑈 𝑔 𝑒𝑖 𝑊
𝑖𝑗ෝ𝜎𝑖

𝑧ෝ𝜎𝑗
𝑧

𝑈 ℎ |0⟩

𝑈 𝑔 = exp(𝑐𝑠
𝑖 ො𝜎𝑖

𝑠) with 𝜎𝑖 = (𝜎𝑖
𝑥, 𝜎𝑖

𝑦
, 𝜎𝑖

𝑧)

𝑈 𝑔 = exp(𝑖 ℎ𝑎𝑏 መ𝜉
𝑎 መ𝜉𝑏) with መ𝜉𝑎 = (ො𝑎1, ො𝑎1

†, … , ො𝑎𝑁, ො𝑎𝑁
† )

Expectation value ⟨𝑊, 𝑔, ℎ|𝐸𝛼1 …𝐸𝛼𝑚 𝑊,𝑔, ℎ

Transformation 𝑈𝑊 = 𝑒𝑖 𝑊
𝐼𝐽 𝐻𝐼 𝐻𝐽 leads to

𝑈𝑊
† 𝐸𝛼𝑈𝑊 = 𝑒𝑖 𝑊

𝐼𝐽( 𝐻𝐼𝛼𝐽+𝐻𝐽𝛼𝐼) 𝐸𝛼

which can be treated with standard group theoretic
calculation techniques.
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